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Abstract

This paper presents a model for the unsteady species transport during bulk growth of alloyed semiconductor crystals

with both axial and transverse magnetic fields. During growth of alloyed semiconductors such as germanium–silicon

(GeSi) and mercury–cadmium–telluride (HgCdTe), the solute’s concentration is not small so that density differences in

the melt are very large. These compositional variations drive compositionally-driven buoyant convection, or solutal

convection, in addition to thermally-driven buoyant convection. These buoyant convections drive convective transport

which produce non-uniformities in the concentration in both the melt and the crystal. This transient model predicts the

distribution of species in the entire crystal grown in a magnetic field. The present study investigates the effects of

magnetic field orientation and strength on the segregation in alloyed semiconductor crystals, and presents results of

concentration in the crystal and in the melt at several different times during crystal growth.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

During alloyed semiconductor crystal growth with-

out a magnetic field, oscillatory melt motions produce

undesirable spatial oscillations of the concentration in

the crystal. Since molten semiconductors are excellent

electrical conductors, an externally-applied magnetic

field can be used to control their melt motion and species

transport in order to optimize the species distribution

during the growth process. The infinite number of pos-

sible magnetic field configurations, namely, field

strengths and orientations, provides the ability to tailor

the melt motion in order to optimize the properties of

the crystal. An externally-applied magnetic field is used

to create a body force which provides an electromag-

netic (EM) damping of the melt motion and to eliminate

oscillations in the melt motion and thus in the compo-

sition of the crystal. Unfortunately, the elimination of
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mixing and a moderate EM damping of the residual melt

motion may lead to a large variation of the crystal’s

composition in the direction perpendicular to the growth

direction (lateral or radial macrosegregation).

If the EM damping is extremely strong, then the melt

motion is suppressed and has no effect on the compo-

sition in the crystal, then this diffusion-controlled species

transport may produce a laterally and axially uniform

composition in the crystal except in the first-grown and

last-grown parts of the crystal [1]. In order to achieve

diffusion-controlled species transport, the species trans-

port P�eclet number Pem ¼ UcL=D must be small, where

Uc is the characteristic velocity for the magnetically-

damped melt motion and is inversely proportional to the

square of the magnetic flux density B0, while L is the

characteristic dimension of the melt and D is the diffu-

sion coefficient for the species in the molten semicon-

ductor. If Pem � 1, then the characteristic ratio of

convection to diffusion of the species is small and the

species transport is diffusion controlled. However, since

typical values of D are 1–2� 10�8 m2/s, B0 must be ex-

tremely large for diffusion-controlled species transport

on Earth [2]. Therefore, the objective is to identify a
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moderate field which is strong enough to eliminate flow

oscillations but which only moderately damps the

residual melt motion in order to achieve both lateral and

axial compositional uniformity in the crystal. Recently,

Garandet and Alboussi�ere [3] reviewed the literature on

modelling and experimental studies of Bridgman growth

in a magnetic field, while Walker [4] reviewed the use of

asymptotic methods in modelling of melt motion, heat

transfer and species transport during crystal growth with

steady magnetic fields.

During the Bridgman growth of alloyed semicon-

ductor crystals, the application of magnetic fields have

shown great promise. For example, Watring and

Lehoczky [5] have shown that the radial variation be-

tween the maximum and minimum concentrations can

be decreased by more than a factor of three with the

application of a 5 T magnetic field, arising because the

magnetic field retards the sinking of the heavier melt to

the center of the ampoule, resulting in less radial seg-

regation. Ramachandran and Watring [6] reported a

reduction in the radial segregation in all of their samples

which were grown in a magnetic field.

For alloyed semiconductors, the density differences

due to compositional variations in the melt are very large.

In germanium–silicon (GeSi), for example, the mole

fraction of germanium may vary from 0.95 in the melt

which has not yet received any rejected germanium to

0.99 near the interface, and this compositional difference

corresponds to a density difference of nearly 300 kg/m3.

In a frequently used extension of the Boussinesq

approximation, the melt density is assumed to vary line-

arly with both the temperature andmole fraction of either

species. In this approximation, the magnitudes of the

density difference and of the resultant buoyant convec-

tion associated with the temperature variation or with the

compositional variation are characterized by btðDT Þ0 and
bcC0, respectively, where bt and bc are the thermal and

compositional coefficients of volumetric expansion, while

ðDT Þ0 and C0 are the characteristic radial temperature

difference and the initially uniform mole fraction of the

species, i.e. of silicon in the GeSi melt. For GeSi with

ðDT Þ0 ¼ 10 K and C0 ¼ 0:06, the characteristic ratio of

the buoyant convection driven by thermal variations to

that driven by compositional variations is btðDT Þ0=
bcC0 ¼ 0:0667. While the thermally-driven buoyant

convection is probably not negligible, particularly far

from the crystal-melt interface where compositional

variations are small, the compositionally-driven buoyant

convection or solutal convection is dominant particularly

near the interface. Garandet et al. [7] investigated the

effects of a tranverse magnetic field on buoyant convec-

tion in a rectangular container while Farrell and Ma [8]

investigated the effects of an axial magnetic field.

In a previous study [9], we presented an asymptotic

and numerical solution for the dilute species transport

during the solidification of a GeSi crystal with both axial
and transverse magnetic fields. This study only consid-

ered pure crystals with very small dopant concentrations

so that there was only thermally-driven buoyant con-

vection, where the velocity and temperature were inde-

pendent of the dopant concentration and known at each

time step, and the governing equation for species con-

servation was a linear equation with known spatially

variable coefficients given by an analytical solution for

velocity. During growth of alloyed semiconductor crys-

tals, the velocity and mole fraction of either species are

intrinsically coupled because the buoyant convection is

driven by both thermal and compositional variations in

the melt. In the 1970s, Hart [10] presented an asymptotic

and numerical solution for the motion of a stratified salt

solution with both thermally-driven and composition-

ally-driven buoyant convection and without a mag-

netic field or solidification. In a recent study [11], we

treated both thermally-driven and compositionally-dri-

ven buoyant convection during the solidification of an

alloyed GeSi crystal with an axial magnetic field. In the

present paper, we extend this study [11] to treat these

phenomena during growth with a transverse magnetic

field and investigate the effect of the magnetic field ori-

entation. Several crystal growers are currently per-

forming experiments on the Bridgman growth of

germanium crystals with various amounts of silicon and

with strong magnetic fields [3,12]. We use a two-

dimensional model problem in a horizontal container to

develop an asymptotic method, to provide physical in-

sight, and to investigate the effect of the magnetic field’s

orientation. Future research will extend this model to

treat realistic systems such as vertical Bridgman and

floating-zone crystal growth processes.
2. Problem formulation

We treat the unsteady, two-dimensional species

transport of a species in a solidifying, electrically-

conducting semiconductor melt in a horizontal, rectan-

gular container with thermally insulated top and bottom

walls and with an externally applied, uniform, steady

horizontal (axial) magnetic field B0bx or vertical (trans-

verse) magnetic field B0by. Here, B0 is the magnetic flux

density, while bx; by, and bz are the unit vectors for

the Cartesian coordinate system. The coordinates and

lengths are normalized by half the distance between the

top and bottom walls L, and a is the dimensionless

length of the container. The constant uniform heat flux q
into the right end of the container keeps the semicon-

ductor molten. The heat flux removed at the left end of

the container is adjusted so that the crystal-melt inter-

face moves at a constant velocity Ug ¼ xUc, where x is

the dimensionless interface velocity. With time t nor-

malized by L=Uc, the dimensionless time to grow the

entire crystal is a=x.
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Experiments [5] have shown that magnetic fields can

control compositionally-driven buoyant convection so

that the electromagnetic body force must be comparable

to the characteristic gravitational body force associated

with compositional variations. Since the electric currents

only arise from the melt motions across the magnetic

field, the magnetic field can damp the motion but cannot

completely suppress it. Therefore, this balance gives a

characteristic velocity for the magnetically-damped

compositionally-driven buoyant convection,

Uc ¼
q0gbcC0

rB2
ð1Þ

where q0 is the melt’s density at the solidification tem-

perature T0; g is gravitational acceleration, and r is the

electrical conductivity of the melt. Thus we can expect

the melt motion to decrease roughly as B�2
0 as the

magnetic field strength is increased.

The electric current in the melt produces an induced

magnetic field which is superimposed on the applied

magnetic field produced by the external magnet. The

characteristic ratio of the induced to the applied mag-

netic field strengths is the magnetic Reynolds number

Rm ¼ lprUcL, where lp is the magnetic permeability of

the melt. For all crystal growth processes, Rm � 1 and

the additional magnetic fields produced by the electric

currents in the melt are negligible.

We assume that the temperature differences and

compositional variations are sufficiently small that all the

physical properties of the melt can be considered uniform

and constant except for the density in the gravitational

body force term of the Navier–Stokes equation. In this

Boussinesq-like approximation, the characteristic tem-

perature difference ðDT Þ0 and the characteristic mole

fraction difference ðDCÞ0 are assumed to be sufficiently

small that the melt’s density is a linear function of tem-

perature and composition, given by

q ¼ q0½1� btðT � � T0Þ � bcðC� � C0Þ	; ð2Þ

and that btðDT Þ0 � 1 and bcðDCÞ0 � 1, where T � is the

temperature in the melt and C� is the mole fraction of

one species in the melt.

The equations governing the melt motion, heat

transfer and species transport are

N�1 ov

ot

�
þ ðv � rÞ � v

�
¼ �rp þ ðcT þ C � 1Þby
þ j� Bþ Ha�2r2v; ð3aÞ

r � v ¼ 0; r � j ¼ 0; j ¼ �r/ þ v� B; ð3b; c; dÞ

Pet
oT
ot

�
þ ðv � rÞT

�
¼ r2T ; ð3eÞ

Pem
oC
ot

�
þ ðv � rÞCÞ

�
¼ r2C; ð3fÞ
C ¼ C�

C0

; T ¼ T � � T0
ðDT Þ0

; c ¼ btðDT Þ0
bcC0

; ð3g; h; iÞ

where p is the deviation of the pressure from the

hydrostatic pressure for the uniform density q0 nor-

malized by rUcB2
0L;/ is the electric current potential

normalized by UcB0L, T is the deviation of the dimen-

sional melt’s temperature from the solidification tem-

perature normalized by (DT Þ0;C is the mole fraction

normalized by its initially uniform value C0 and

v ¼ ubx þ vby is the dimensionless velocity. Here, u and v
are the horizontal and vertical velocities, respectively,

normalized by Uc. In the Navier–Stokes Eq. (3a), B is

equal to bx for the axial magnetic field or by for the

transverse magnetic field. The characteristic ratio of the

EM body force to the inertial force is the interaction

parameter N ¼ r2B4
0L=q

2
0gbcC0. The square root of the

characteristic ratio of the EM body force to the viscous

force is the Hartmann number Ha ¼ B0Lðr=lÞ1=2. Eqs.
(3b) and (3c) are continuity of mass and of electric

current, respectively, while Eq. (3d) is Ohm’s law. In

conservation of energy given by Eq. (3e), the character-

istic ratio of the convective to conductive heat transfer is

the thermal P�eclet number Pet ¼ q2
0gbcC0cpL= krB2

0,

where cp and k are the specific heat and the thermal

conductivity of the melt, respectively. Eq. (3f) is conser-

vation of species for the solute in the molten semicon-

ductor. During the growth of a GeSi crystal for C0 ¼ 0:06
with ðDT Þ0 ¼ 10 K, c ¼ 0:0667. Under these conditions

with a 2 T magnetic field, Uc ¼ 0:00050566 m/s, N ¼
21; 574:2, Ha ¼ 793:3, Pet ¼ 0:3034 and Pem ¼ 189:6.

In our two-dimensional model problem, nothing

varies in the z direction, and there can be a uniform

electric field in the z direction Ez. In any actual horizontal

Bridgman process, there are electrically insulating walls

at, say, z ¼ 
d, which block any electric current in the z
direction. For the present recirculating flow, Ez ¼ 0 for

zero net electric current. The electric current density

normalized by rUcB0, and Ohm’s law gives j ¼ �vbz for

the axial field, or j ¼ ubz for the transverse field.

For a sufficiently strong magnetic field, Pet is small,

so that the convective heat transfer terms in Eq. (3e) are

negligible. Ma and Walker [13] found that the error due

to neglect of convective heat transfer is less than 4% for

Pet 6 15:0, so that convective heat transfer is certainly

negligible for our present process with Pet ¼ 0:3034.
With negligible convective heat transfer, the crystal-melt

interface is planar as shown in Fig. 1. In general,

Ug < Uc, so that the heat released by the cooling melt is

negligible compared to the conductive heat transfer [14].

Since the latent heat and convective heat transfer is

negligible, the crystal-melt interface is planar and iso-

thermal at the freezing temperature [14]. Therefore, the

heat flux through the melt is uniform and constant, and

the deviation of the melt’s temperature from T0, nor-
malized by Lq=k ¼ ðDT Þ0, is
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Fig. 2. Streamfunction in the melt at the beginning of growth

wðn; y; t ¼ 0Þ for an axial magnetic field with B0 ¼ 2 T.

Fig. 1. Two-dimensional model problem with a uniform, stea-

dy axial magnetic field or transverse magnetic field B ¼ bx or

B ¼ by, and with coordinates normalized by half the distance

between the top and bottom walls.
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T ¼ x� xt: ð4Þ

In certain situations, Seebeck effects are very important

[15]. However, in the present situation with strong

magnetic fields, the thermoelectric current generated by

the temperature gradient along the interfaces is negligi-

ble compared to the electric currents in the melt [16].

In the Navier–Stokes equation, inertial terms are

negligible for a sufficiently strong magnetic field. In a

recent study, Ma and Walker [13] found that the error

due to the neglect of inertial effects is only 2.7% for

N ¼ 16:59, and is totally negligible for N P 648:1, so

that inertial effects are certainly negligible for our pres-

ent process with N ¼ 21; 574:2. In an asymptotic solu-

tion for Ha � 1 for our inertialess melt motion, the melt

is divided into an inviscid core, Hartmann layers with

OðHa�1Þ thickness, and parallel layers with OðHa�1=2Þ
thickness. For the axial field B ¼ bx, the Hartmann lay-

ers lie adjacent to the crystal-melt interface along

n ¼ �1 and the right end of the container along n ¼ þ1,

while the parallel layers lie adjacent to the top and

bottom walls at y ¼ 
1. Here, n ¼ ½2x� ðaþ xtÞ	=
ða� xtÞ is our rescaled axial coordinate so that

�16 n6 þ 1 for all time. For the transverse field B ¼ by,
the Hartmann layers lie adjacent to the top and bottom

walls, while the parallel layers lie adjacent to the crystal-

melt interface and the right end of the container. The

Hartmann layers carry an OðHa�1Þ flow that has a

simple, local, exponential structure, which matches any

core or parallel velocity, and which satisfies the no-slip

conditions along the crystal-melt interface or container

wall. While the Hartmann layers represent an extremely

small fraction of the melt’s volume and flowrate, the

parallel layers occupy a significant fraction of the melt

and carry an OðHa1=2Þ velocity. Therefore, a formal

asymptotic analysis for Ha � 1 is not appropriate but

the numerical solution of the inertialess Navier–Stokes

equation with all the viscous terms is not necessary.

Thus, we use a hybrid solution which does not assume

that the parallel layer’s thickness is small. This hybrid

solution neglects the OðHa�1Þ volume flux deficiency in

the Hartmann layers and the OðHa�1Þ perturbation in

the parallel layers.
For the axial field B ¼ bx, we discard the viscous

terms Ha�2o2v=ox2 in the Navier–Stokes equation, and

we relax the no-slip conditions at both n ¼ 
1 because

they are satisfied by the Hartmann layers which are not

part of the hybrid solution. We apply the boundary

conditions u ¼ 0 along n ¼ 
1, and we apply the no-slip

and no-penetration conditions along y ¼ 
1. At the

beginning of growth with a ¼ 1, the concentration in the

melt is uniform and the melt motion is driven entirely by

thermally-driven buoyant convection as shown in Fig. 2

for B0 ¼ 2 T and C0 ¼ 0:06. In Fig. 2, the maximum

value of the streamfunction is 0.008599, where the

streamfunction is

u ¼ ow
oy

; v ¼ � 2

a� xt
ow
on

; ð5a; bÞ

The hotter fluid near n ¼ þ1 flows vertically upward and

flows to the left for y > 0. When the fluid reaches the

colder end of the container near the crystal-melt inter-

face, it flows vertically downward, and either solidifies or

turns and flows to the right for y < 0.

For the transverse field B ¼ by, we discard the viscous

terms Ha�2o2v=oy2 in the Navier–Stokes equation, and

we relax the no-slip conditions at both y ¼ 
1 because

they are satisfied by the Hartmann layers which are not

part of the hybrid solution. We apply the boundary

conditions v ¼ 0 along y ¼ 
1, and we apply the no-slip

and no-penetration conditions along n ¼ 
1. Since the

core carries an Oð1Þ flow, the flow circuit must be

completed through two high-velocity parallel layers with

u ¼ Oð1Þ and v ¼ OðHa1=2Þ inside these layers at n ¼ 
1,

as reflected in the streamlines at the beginning of growth

in Fig. 3 for a ¼ 1, B0 ¼ 2 T and C0 ¼ 0:06. In Fig. 3, the

maximum value of the streamfunction is 0.03418. Figs. 2

and 3 indicate that the flows are vastly different. With an

axial field, there are OðHa1=2Þ velocity jets adjacent to the

top and bottom walls at y ¼ 
1 and an Oð1Þ flow

adjacent to the crystal-melt interface. With a transverse

field, the high-velocity fluid flows along the crystal-melt

interface. The location of the OðHa1=2Þ flow has a sig-
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Fig. 3. Streamfunction in the melt at the beginning of growth

wðn; y; t ¼ 0Þ for a transverse magnetic field with B0 ¼ 2 T.
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nificant effect on the species transport in the melt, be-

cause the convection of solute is strong in the regions

where there are high velocity flows.

For the species transport, the boundary condition at

the crystal-melt interface is

oC
on

¼ �ða� xtÞ
2

Pegð1� ksÞC; at n ¼ �1; ð6Þ

where Peg ¼ UgL=D ¼ xPem is the growth P�eclet num-

ber. Along each of the other surfaces, there cannot be

diffusion of species into the impermeable container, so

that rC � bn ¼ 0, where bn is the unit normal vector.

At the beginning of crystal growth, the concentration

of silicon, normalized with the initial uniform concen-

tration, is Cðn; y; t ¼ 0Þ ¼ 1. Thus the amount of silicon

initially in the melt is obtained by integrating across the

ampoule’s volume giving a total dimensionless silicon

concentration equal to 2a. We verify that the sum of the

total silicon in the melt and in the crystal is equal to 2a
at each time step.

Assuming that there is no diffusion of species in the

solid crystal, Csðx; yÞ, normalized by the initial uniform

concentration in the melt, is given by

Csðx; yÞ ¼ ksCðn ¼ �1; y; t ¼ x=xÞ; ð7Þ

where ks ¼ 4:2 for silicon in a germanium melt. Future

research will investigate the effects of the solidification

temperature and the segregation coefficient on concen-

tration, where T0ðC�Þ ¼ 938:3þ 1300C� � 2100C�2 þ
2056C�3 � 783C�4 and ksðC�Þ ¼ 4:2� 8:7C� þ 6:0C�2 þ
3:3C�3 � 3:8C�4, where T0 is in �C [17].

We use a Chebyshev spectral collocation method for

the spatial derivatives in the inertialess form of the

Navier–Stokes Eq. (3a) with T given by Eq. (4) and for

the spatial derivatives in species transport Eq. (3f) with

Gauss-Lobatto collocation points in n and y. For the

time derivative in Eq. (3f), we use a second-order im-

plicit time integration scheme. We integrate from t ¼ 0

to a t which is slightly less than a=x. We use a large

enough number of collocation points in each direction

for both the streamfunction and concentration at each
time step so that the velocity and concentration gradi-

ents are resolved, and a large enough number of time

steps such that the results do not change by increasing

the number of time steps. Forty one and 51 collocation

points in the n and y directions, respectively, were suf-

ficient to resolve the velocity and concentrations for the

axial magnetic field. Eighty one and 33 collocation

points in the n and y directions, respectively, were suf-

ficient to resolve the velocity and concentration gradi-

ents for the transverse magnetic field. For both magnetic

field orientations, 800 times steps were sufficient.

In the classical well-mixed limit, the rejected germa-

nium is instantly uniformly mixed over the volume of

the melt at each time. In this limit, the crystal compo-

sition is given by

CsðxÞ ¼ ks 1
�

� x
a

��ð1�ksÞ
: ð8Þ

In the classical diffusion-controlled limit, the crystal

concentration is uniform at the melt’s initial uniform

composition C ¼ 1 everywhere except the first-grown

and last-grown parts of the crystal. In the initial and

final transients corresponding to the first-grown and

last-grown parts of the crystal, respectively, the crystal

compositions are given by exponential curves which are

functions of ks and Peg [1].
3. Results for growth in an axial magnetic field

We present results for the growth of a GeSi crystal

in an axial magnetic field with a ¼ 1, Ug ¼ 10 lm/s,

C0 ¼ 0:06, and B0 ¼ 2 T, for which Peg ¼ 3:75,
c ¼ 0:0667, Uc ¼ 0:00050566 m/s, Ha ¼ 793:33,
Pem ¼ 189:62, x ¼ 0:004944, and a=x ¼ 50:566.

Once crystal growth begins, the crystal absorbs sili-

con which creates a silicon-depleted region in the melt

adjacent to the crystal-melt interface. At very early

stages of growth, this concentration gradient is primarily

axial and drives diffusion of silicon towards the inter-

face. The melt motion adjacent to the bottom wall at

y ¼ �1 quickly carries the silicon away from the inter-

face. After 2.5% of the crystal has grown at t ¼ 0:1264,
there is a small concentration gradient adjacent to the

crystal-melt interface which produces a solutal convec-

tion that augments the thermal convection and which

causes a small increase in the maximum value of the

streamfunction from the initial value wmax ¼ 0:008599 to
0.01025. The concentration is lowest at n ¼ �1 and

y ¼ �1 because the interface absorbs silicon and because

the vertically downward flow convects silicon-depleted

flow toward this stagnation point, and the difference

between the melt’s concentration at y ¼ þ1 and y ¼ �1

is DC ¼ 0:00259. At this time, the contours of the

streamfunction nearly resemble those in Fig. 2 with a

slight shift to the left because the streamfunction is no



Fig. 5. Contours of the concentration in the crystal Csðx; yÞ for
an axial magnetic field with B0 ¼ 2 T, C0 ¼ 0:06, Ug ¼ 10 lm/s

and a ¼ 1.
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longer symmetric about n ¼ 0. As growth progresses,

the combination of absorption of silicon at the interface

and convection of silicon away from the interface re-

duces the average concentration in the melt. Therefore,

the maximum value of the streamfunction decreases as

growth progresses. After 20% of the crystal has grown at

t ¼ 10:11, the maximum value of the streamfunction is

0.04882, as reflected in the contours of the streamfunc-

tion presented in Fig. 4a. Adjacent to y ¼ �1, the

OðHa1=2Þ velocities produce a strong local flow which

convects the silicon-depleted flow to the right. However,

the concentration gradient is largest near the crystal-

melt interface so that the circulation in Fig. 4a has

moved towards the interface. Fig. 4a reflects a domi-

nance of solutal convection as compared with the con-

tours of the streamfunction presented at the beginning

of growth in Fig. 2 in which the melt motion is driven

entirely by thermal convection. At the time, the mini-

mum and maximum values of the concentration in the

melt have reduced to 0.1668 and 0.9998, respectively, as

reflected in the constant-concentration curves in Fig. 4b.

In Fig. 4b, the difference between the melt’s concentra-

tion along the interface at y ¼ þ1 and y ¼ �1 is

DC ¼ 0:5492. When 30% of the crystal has grown at

t ¼ 15:17, this difference has become DC ¼ 0:5939. A

formal asymptotic analysis reveals that the thicknesses

of the parallel layers are actually Of½ða� xtÞ=Ha	1=2g
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Fig. 4. Contours of the streamfunction and concentration in

the melt at t ¼ 10:11 for an axial magnetic field with B0 ¼ 2 T

and C0 ¼ 0:06: (a) wðn; y; 10:11Þ, (b) Cðn; y; 10:11Þ.
and that the horizontal velocities inside the parallel lay-

ers adjacent to y ¼ 
1 are actually u ¼ Of½Ha=ða�
xtÞ	1=2g. Therefore, as growth progresses and the melt

length decreases, the convection of the silicon-depleted

melt away from the interface increases. After this time

t ¼ 15:17, the convection of silicon-depleted melt causes

a decrease in DC. When 40% of the crystal has grown,

this difference has reduced to DC ¼ 0:5860 and when

80% of the crystal has grown, this difference has further

reduced to DC ¼ 0:1668, reflecting a decrease in the lat-

eral segregation as crystal growth progresses.

The constant-concentration curves in the crystal are

presented in Fig. 5. In Fig. 5, the first-grown part of the

crystal solidifies with Csð0; yÞ ¼ ks ¼ 4:2. The concen-

tration quickly decreases with x because the segregation

coefficient is large. The concentration is lower near

y ¼ �1 than y ¼ þ1 because the large velocity in the

parallel layer adjacent to the bottom wall quickly con-

vects the silicon-depleted melt away from the crystal-

melt interface. The decrease in the lateral segregation is

reflected in Fig. 5 as the contours become more vertical

as x increases.
4. Results for growth in a transverse magnetic field

We present results for the growth of a GeSi crystal

in a transverse magnetic field with a ¼ 1, Ug ¼ 10 lm/s,

C0 ¼ 0:06, and B0 ¼ 2 T, for which Peg ¼ 3:75,
c ¼ 0:0667, Uc ¼ 0:00050566 m/s, Ha ¼ 793:33, Pem ¼
189:62, x ¼ 0:004944, and a=x ¼ 50:566.
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Fig. 7. Contours of the streamfunction and concentration in

the melt at t ¼ 10:11 for a transverse magnetic field with B0 ¼ 2

T and C0 ¼ 0:06: (a) wðn; y; 10:11Þ, (b) Cðn; y; 10:11Þ.
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With a transverse field, the high-velocity OðHa�1=2Þ
parallel layer adjacent to the crystal-melt interface

at n ¼ �1. After 2.5% of the crystal has grown at t ¼
0:1264, the maximum value of the streamfunction has

dramatically increased from the initial value

wmax ¼ 0:03418 to 0.1194. The silicon-depleted melt has

not had time to diffuse or convect away from the

interface so that there is a strong circulation adjacent to

the interface which is dominated by solutal convection

as reflected in the contours of the streamfunction pre-

sented in Fig. 6. At this stage, the minimum and maxi-

mum values of the concentration in the melt are 0.8239

and 1.0, respectively, and the constant-concentration

curves are vertical with a large axial gradient near the

crystal-melt interface and most of the melt at the initial

uniform concentration C ¼ 1. After 20% of the crystal

has grown at t ¼ 10:11, the maximum value of the

streamfunction is wmax ¼ 0:09290 as shown in Fig. 7a. In

Fig. 7a, the crowded contours of the streamfunction

adjacent to the crystal-melt interface reflect the OðHa1=2Þ
vertically downward velocities in the parallel layer. This

strong vertically downward flow provides a strong

convective species transport reflected in the sharpness of

the constant-concentration curves adjacent to the crys-

tal-melt in Fig. 7b. In Fig. 7a, the silicon-depleted melt

has convected or diffused over the entire volume of the

melt, and the minimum and maximum values of the

concentration are 0.1270 and 0.9977, respectively. At

this time, the difference between the concentration in the

melt at y ¼ þ1 and y ¼ �1 is DC ¼ 0:6258. This differ-
ence decreases as crystal growth progresses, and has

become DC ¼ 0:5789, 0.4462 and 0.05773 when 30%,

40% and 80% of the crystal has grown, respectively.

These DC values are smaller than those at the equivalent

stages of growth in an axial field because the large ver-

tically downward flow in the parallel layer adjacent to

the crystal-melt interface increases lateral uniformity.

This lateral segregation is reflected in the constant-
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Fig. 6. Contours of the streamfunction in the melt wðn; y; tÞ at
t ¼ 0:1264 for a transverse magnetic field with B0 ¼ 2 T and

C0 ¼ 0:06.

Fig. 8. Contours of the concentration in the crystal Csðx; yÞ for
a transverse magnetic field with B0 ¼ 2 T, C0 ¼ 0:06, Ug ¼ 10

lm/s and a ¼ 1.
concentration curves in the crystal which are presented

in Fig. 8.
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5. Results for axial segregation in the crystal

The axial variation of the laterally-averaged compo-

sition in the crystal is presented in Fig. 9 for the axial

field with B0 ¼ 2 T in curve a and the transverse field

with B0 ¼ 2 T in curve c. In Fig. 9, we also include the

variation for the axial field with B0 ¼ 1 T in curve b and

for the transverse field with B0 ¼ 1 T in curve d, and for

the well-mixed limit in curve e. Unfortunately, the

crystal’s concentration continuously decreases along

the length of the crystal because of the absorption of the

silicon along the crystal-melt interface during growth.

Recently, Ma et al. [18] have found that replenishing the

melt with fluid having a composition chosen to offset the

absorption at the interface can produce a relatively

homogeneous crystal. The crystals grown in a transverse

magnetic field have steeper slopes for the first-grown

part of the crystal. That is, curves c and d for the

transverse field have higher crystal concentrations near

x ¼ 0 than curves a and b for the axial field, respectively.

This occurs because the melt in the parallel layer adja-

cent to the bottom wall at y ¼ �1 for the crystal grown

in the axial field convects the silicon-depleted melt away

from the crystal-melt interface more quickly so that the

melt solidifies with higher concentrations at earlier

stages of growth. In addition, the crystals grown in a 2 T

field solidified with higher concentrations near x ¼ 0

than the crystals grown in a 1 T field, as reflected in Fig.

9. The 1 T field provided less electromagnetic damping

of the melt motion so that the silicon-depleted melt was

convected away from the crystal-melt interface more

quickly and the first-grown part of the crystal solidified

with lower concentration.
Fig. 9. Axial variation of the laterally-averaged crystal con-

centration Cs;avgðxÞ with C0 ¼ 0:06, Ug ¼ 10 lm/s and a ¼ 1 for

five cases. Cases: (a) axial field with B0 ¼ 2 T, (b) axial field with

B0 ¼ 1 T, (c) transverse field with B0 ¼ 2 T, (d) transverse field

with B0 ¼ 1 T, and (e) well-mixed limit.
6. Conclusions

During the horizontal Bridgman process where

gravity is parallel to the crystal-melt interface, the ori-

entation of the magnetic field has a strong effect on the

species transport in the melt. The high-velocity parallel

layers are adjacent to the top and bottom walls at

y ¼ 
1 for an axial field while the high-velocity layers

are adjacent to the crystal-melt interface and the right

end of the container for a transverse magnetic field. A

more laterally-uniform crystal can be grown with a

transverse magnetic field because the high-velocity par-

allel layer located adjacent to the crystal-melt interface

reduces the lateral segregation. A more axially-uniform

crystal can be grown with an axial field with a strong

magnetic field.
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